The paper presents a numerical solution for elliptical point contact conjunctions under combined rolling and sliding motion. This condition is prevalent in many practical applications, such as rolling element bearings and conformal gears. An effective influence Newton±Raphson method is employed in local point distributed or global line distributed low-relaxation iterations. This method enables determination of the pressure distribution and film shape at high loads such as are encountered in many practical applications. Some of the numerical predictions have been validated against experimental results.
Most elastohydrodynamic studies which have been concerned with the determination of oil-film shape and thickness, either through optical interferometry or by numerical prediction, deal with circular point contacts or elliptical point contacts with oil flow taking place along one of the principal axes of the Hertzian elastostatic ellipse. Under practical conditions in the rolling and sliding contact of balls in raceway grooves the direction of lubricant entrainment may be inclined to the rolling axis. These conditions are sometimes further complicated by ball spin due to a gyroscopic moment. The direction of entraining motion and indeed the inclination of the elliptical contact also alter in meshing conformal gear teeth, although in some cases such as Novikov gears the large contact dimensions may make the use of Hertzian theory rather suspect. Optical interferometric studies for elliptical point contact conditions, varying the direction of lubricant entrainment, have been reported by Thorp and Gohar [1] . In their work a ball sliding in a stationary conforming groove was investigated under low generated pressures, with the contiguous surfaces having low distortions. Although such conditions are useful to investigate, they are seldom found to be practical. Numerical predictions for oil-film thickness and shape have been reported by Mostofi and Gohar [2] and Chittenden et al. [3, 4] . The former have shown good agreement between their numerical results and the experimental work in reference [1] . The latter have shown that the central oil-film thickness is little affected by the orientation of the lubricant entraining vector, but the minimum film thickness values cover a much broader range than those obtained when the direction of entraining motion is along the minor axis of the Hertzian ellipse. They have shown that the minimum film thickness h min occurs in the side lobes in the vicinity of the Hertzian lateral boundaries. However, all the contributions [2±4] are at low loads. The need for more representative experimental and numerical studies in line with practical conditions is thus evident.
This paper outlines solutions for combined rolling and sliding motion in elliptical contacts, with the direction of lubricant entrainment being inclined to the principal axes of the Hertzian elastostatic ellipse. The numerical method uses the low-relaxation effective influence Newton± Raphson (EIN) iterative method for the local point distributed solution of the five Jacobian terms in the tridiagonal matrix formulation of the Reynolds equation, enabling rapid convergence to occur at high loads. In the case of flow along the major axis of the elastostatic Hertzian contact ellipse, the local point distributed solution was found to exhibit convergence difficulties. In this case a line distributed solution for the five Jacobian terms was employed, following the EIN method outlined by Dowson and Wang [5] . The numerical predictions have been compared with the experimental work reported in reference [1] and the numerical results in references [3] and [4] but extended to much higher loads.
THEORETICAL FORMULATION
The dimensional Reynolds equation for an elliptical point contact is given as @ @x
where the following dimensionless groups apply:
Thus
where
All the variables in the equations presented in this section are defined in the notation. The lubricant density variation with pressure is defined by Dowson and Higginson [6] as
where å and ae are constants related to the type of lubricant employed.
The lubricant viscosity variation with pressure has been given by Roelands [7] as
where z is the viscosity pressure index, ç I 0:631 310 À4 Pa s and ã 1:9609 3 10 8 N=m 2 . The elastic film shape in dimensionless form is
where the dimensional elastic deformation at any point (X, Y) is defined as
The integrated elastohydrodynamic pressure distribution over the contact must satisfy the load balance requirement as
A modified Newton±Raphson method is applied for a lowrelaxation solution of the Reynolds equation in the following numerical form:
and J ij,kl is the Jacobian matrix which is defined as follows:
The expanded Jacobian terms have been provided in reference [8] .
The iterative scheme employs line distributed underrelaxation, as indicated by the following relations:
where Ù is the under-relaxation factor. The convergence criteria for pressure and contact load are adhered to as follows:
NUMERICAL RESULTS
The solutions obtained by traditional finite difference relaxation using Gauss±Seidel iterations presented by Chittenden et al. [3, 4] were at low values of loads, with the equivalent dimensionless load W e in the range 0.6238 3 10 À8 ±2.4950 3 10 À8 , where W e W =(R 2 e E9), R e being the effective radius in the entraining direction. The other problem with the solutions in references [3] and [4] is due to the use of a coarse computational grid of only 57 3 25 points for an ellipticity ratio of 2.5.
The solutions obtained here, while being in concordance with the results of Chittenden et al. at the lower values of load, vary in the range W Ã 9:21 3 10 À7 ±1:10 3 10 À4 ; these values are far in excess of those in reference [4] and can lead to a maximum Hertzian pressure P Hmax 4 GPa at high loads. The computational grid employed was 133 3 129. Figures 1a and b show the three-dimensional pressure distribution and film shape respectively for W Ã 2:94 3 10 À6 , which corresponds to a normal load of 400 N. This is a reasonable practical load per ball in, for example, a deep groove ball bearing of 40 mm bore, with a ball diameter of 12.7 mm, where the contact load was shown to oscillate between 100 and 400 N [9] . The conditions pertain typically to a ball orbital position in transition from the loaded region of the bearing to the unloaded region, with the entrainment flow taking place at an angle of 67.58 due to a combined rolling and sliding motion. Figure 1c shows the corresponding oil-film contour, indicating the inclined flow direction. The minimum oil-film thickness regions occur in the side lobes in the contact as also predicted by Chittenden et al. [3, 4] under similar conditions. However, due to the skewed flow condition the minimum exit film appears in an asymmetrical position.
Verification of numerical predictions have been carried out against the experimental photomicrographs, reported in reference [1] . Figures 2a and b illustrate oil-film contours obtained numerically under the same conditions as those found experimentally by Thorp and Gohar [1] for flooded conditions. Those shown in Fig. 2a correspond to flow in a direction 548 to the minor axis of the Hertzian ellipse, while those in Fig. 2b relate to flow along the major axis.
Good agreement has been observed between the numerical predictions and the experimental results.
Further comparisons have been made with the numerical results reported by Chittenden et al. [3, 4] . The comparisons are based upon numerical prediction of the minimum and central oil-film thickness with the extrapolated oil-film formulae in references [2] to [4] . It should be noted that the formulae in references [2] to [4] are only applicable for low loads. Therefore, it is expected that, with increasing applied load, the aforementioned formulae will consistently overestimate the oil-film thickness. This trend is in fact observed in Figs 3a, b, c, d and e, for flow entrainment along the minor axis, at 22.58, at 458, at 67.58 and along the major axis respectively. The largest errors occur at higher Table 1 . Unlike the traditional numerical methods used in references [2] to [4] , the numerical method reported in this paper is suitable for the prediction of pressure distribution and film thickness at high loads and low speeds of entraining motion. To illustrate this, a simulation run has been undertaken at a load of 3000 N for a ball of 11 mm radius in a raceway groove, with an ellipticity ratio of 2. The direction of entraining motion is at 458 to the minor axis of the elastostatic contact ellipse. The speed of entraining motion for this condition was set at 2 m=s. Figure 4 shows the contour of the oil film and the corresponding pressure isobars. It can be observed that the minimum oil-film thickness of 0:2 ìm has formed in the rear end and to the side of the contact. The pressure distribution is dominated by the primary Hertzian pressure at the centre of the contact with a value of 4 GPa, this being the limiting value of pressure that such a ball would take with subsurface maximum shear stress still remaining within the elastic limit. There is a small pressure spike at the rear exit. The dominance of the primary pressure peak is a feature of highly loaded contacts.
CONCLUSION
This paper provides solutions for combined rolling and sliding elliptical point contact conditions, which are prevalent in practice in many lubricated conjunctions. There has been a dearth of research in the study of these conditions, particularly at medium to high loads, which are commonplace in many applications. The available literature in the field report solutions with coarse computational meshes and at low loads, resulting in low contact pressures (typically less than 0.3 GPa in references [2] to [4] ). The current solution shows that, under practical conditions, maximum pressures in the region of 4 GPa can be expected. An appropriate numerical method with a fine mesh density has been employed in the current analysis, the results of which show good correlation with the experimental findings. 
